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A nonlinear thermodynamic formalism based on Ginzburg-Landau-Devonshire theory is developed to describe
the total free energy density in (001)-oriented, compositionally graded, and monodomain ferroelectric films
including the relative contributions and importance of flexoelectric, gradient, and depolarization energy terms.
The effects of these energies on the evolution of the spontaneous polarization, dielectric permittivity, and the
pyroelectric coefficient as a function of position throughout the film thickness, temperature, and epitaxial strain
state are explored. In general, the presence of a compositional gradient and the three energy terms tend to stabilize
a polar, ferroelectric state even in compositions that should be paraelectric in the bulk. Flexoelectric effects
produce large built-in fields which diminish the temperature dependence of the polarization and susceptibilities.
Gradient energy terms, here used to describe short-scale correlation between dipoles, have minimal impact on
the polarization and susceptibilities. Finally, depolarization energy significantly impacts the temperature and
strain dependence, as well as the magnitude, of the susceptibilities. This approach provides guidance on how
to more accurately model compositionally graded films and presents experimental approaches that could enable
differentiation and determination of the constitutive coefficients of interest.
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I. INTRODUCTION

Compositionally graded ferroelectrics possess a spatial
variation in chemical composition that breaks the symmetry
of the system. In contrast to their homogeneous counterparts,
compositionally graded ferroelectrics exhibit self-poling [1],
built-in potentials [2], asymmetric or shifted hysteresis loop
[3], and the potential for geometric frustration [4]. Their dis-
tinctive electric-field, thermal, and stress susceptibilities make
such systems potentially important for a range of devices [2].
Compositionally graded ferroelectrics have been probed both
experimentally [3,5–8] and theoretically using Slater models
[9], phenomenological Landau theory [10–13], transverse
Ising models [14,15], and first-principles calculations [4] in
an attempt to understand their internal crystal and polarization
structure and the mechanisms underlying the manifestation of
exotic properties. In this work, we focus on phenomenological
approaches and thus narrow our discussion in this capacity.

In general, Ginzburg-Landau-Devonshire (GLD) phe-
nomenological theory expresses the total free energy in terms
of the order parameter; for ferroelectrics, this is the electric
dipole moment or polarization. GLD theory has been suc-
cessfully applied in homogeneous bulk [16–19] and thin-film
[20,21] ferroelectrics to explore possible crystal and domain
structures, electric-field, thermal, stress, and other susceptibili-
ties, as well as chemical, strain, and other perturbations to these
materials. Particularly fruitful has been the combination of
advanced GLD models with recent developments in the growth
of ferroelectric thin films which has enabled unprecedented
study of model versions and understanding of the fundamental
physics of these materials [22–25]. This also includes the abil-
ity to produce deterministically controlled gradients of phys-
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ical quantities such as strain and composition in ferroelectric
films [1,6,8,26–28]. In order to account for the resulting spatial
asymmetries that form in these graded films, researchers have
suggested the possible inclusion of a number of additional
energy terms to adapt such phenomenological models,
including (1) flexoelectric, (2) gradient, and (3) depolarization
energies [3,10,29,30]. The relative importance, and necessity,
of each of these three energies has not, however, been fully
considered. In this work, we explore the relative merits, and
role, of each of these energies in describing the response of
compositionally graded ferroelectric thin films.

The first energy to be considered in this work is the flexo-
electric energy. Flexoelectricity is a property of all insulators
whereby they polarize when subject to an inhomogeneous
deformation [31]. It is expressed as a linear polarization in
response to a strain gradient Pl = μijkl(∂uij /∂xk) where μijkl

is the flexoelectric polarization coefficient [32–34] which is
a fourth-rank tensor, uij is the strain, and xk is the position
coordinate. The second energy to be considered is the gradient
energy. In general, gradient energy arises from spatially
inhomogeneous distributions of polarization in a ferroelectric
[35]. Typically, it is expressed as the interaction energy per unit
volume gij (∇P)2, where gij is the gradient energy coefficient
(which can be directly related to the vibrational spectrum of
the crystal) [35]. The final energy to be considered here is
the depolarization energy. The depolarization energy can be
expressed as − 1

2 EdP where Ed is the depolarization field. The
depolarization energy arises from a nonvanishing electric field,
the so-called depolarization field, inside the ferroelectric that
is opposite to the polarization [36].

In this work, we perform a comprehensive study of the ef-
fects of flexoelectric, gradient, and depolarization energies on
the evolution of polarization and the dielectric and pyroelectric
properties in (001)-oriented, monodomain, compositionally
graded Ba1−xSrxTiO3 ferroelectric films using a GLD
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formalism. This study reveals that flexoelectricity produces
large built-in fields that work to diminish the temperature
dependence of the polarization, dielectric permittivity, and
pyroelectric coefficient. We further consider gradient energy
terms to represent short-scale correlation between dipoles
throughout the smoothly varying film thickness and find that
this term has minimal impact on the evolution of polarization
and susceptibilities. The depolarization energy is found to give
rise to significant differences in the temperature and strain
dependence of the susceptibilities in the films. Overall, by first
assessing the relative importance of each energy individually,
we are able to assess the relative orders of magnitude of
coefficients required to induce large effects, provide guidance
for the design of experimental approaches to extract the
sometimes poorly known coefficients and magnitudes for
these effects, and, ultimately, develop a more accurate overall
phenomenological model for compositionally graded films.

II. THEORY

A. GLD formalism for homogeneous ferroelectric thin films

Here, we lay the groundwork for the development of a
GLD formalism for compositionally graded thin films by
first considering homogeneous (001)-oriented, monodomain,
epitaxial ferroelectric BaTiO3 and Ba0.6Sr0.4TiO3 films which
possess a paraelectric-to-ferroelectric transition between the
cubic (Pm3̄m) and tetragonal (P4mm) phases on a thick
substrate under short-circuit boundary conditions. To study
BaTiO3, consistent with prior studies [37,38], we have utilized
a formalism expanded to the eighth order to account for all
possible monodomain phases in the BaTiO3 phase diagram
within the temperature range we will consider. To study
SrTiO3, again consistent with prior work [39], we have utilized
a formalism expanded to the fourth order to include all
possible monodomain phases in the SrTiO3 phase diagram
within the temperature range we will consider. Considering
the mechanical boundary conditions for this situation [i.e.,
equal in-plane biaxial stress components (in Voigt notation)
(σ1 = σ2), no shear stresses (σ4 = σ5 = σ6 = 0), and no
out-of-plane stress (σ3 = 0)], the free-energy density for the
homogeneous epitaxial ferroelectric films after the necessary
Legendre transformation is

Guni = G0 + α̃1P
2 + α̃11P

4 + α111P
6 + α1111P

8

+ u2
m

s11 + s12
− EextP, (1)

with modified dielectric stiffness coefficients given by [21,40]

α̃1 = α1 − 2Q12

s11 + s12
um, (2)

α̃11 = α11 + Q2
12

s11 + s12
, (3)

where P is the polarization along the [001], Eext is the external
applied electric field (oriented parallel to the polarization
direction), α1, α11, α111, and α1111 are dielectric stiffness coef-
ficients, α1 = ε0(T − TC) (derived from the Curie-Weiss Law)
where α0 = 1/(2ε0C), ε0 is the permittivity of free space, and
C is the Curie-Weiss constant, Qij are the cubic electrostriction

coefficients, and s11 and s12 are the cubic elastic compliances at
constant dielectric displacement. The thermodynamic, elastic,
and electromechanical coefficients for BaTiO3 are obtained
from Ref. [41] and those of Ba0.6Sr0.4TiO3 are assumed to be
a linear function of composition determined by averaging the
corresponding values of BaTiO3 and SrTiO3 from Ref. [41]
(Table I).

Here, um is the in-plane polarization-free misfit strain
defined as

um = asubstrate − afilm

afilm
. (4)

When the external field Eext = 0, minimization of the total-
free-energy density with respect to the polarization (dGuni/dP
= 0) yields the spontaneous polarization of the film as a
function of the temperature and misfit strain PS(T,um). The
lattice parameters afilm and asubstrate of BaTiO3, Ba0.6Sr0.4TiO3,
and a hypothetical, isotropic substrate are taken to be 0.4005,
0.3965, and 0.3964 nm, respectively, at 25 ◦C [23,37]. This
substrate lattice parameter value was chosen for three reasons:
(1) the lattice parameter value is close to that of the commer-
cially available substrate GdScO3, (2) the lattice mismatch
between the two end members (BaTiO3 and Ba0.6Sr0.4TiO3)
and the substrate is −1.03% and −0.02% (both compressive),
respectively, which helps to stabilize the tetragonal phase and
enhanced polarization, and (3) the lattice mismatch between
the film materials and the substrate are small enough that
it should be readily possible to experimentally achieve such
structures. Finally, in a compositionally graded film made from
these two end member compositions, assuming a coherent
strain condition, the strain gradient for the film with a film
thickness of 150 nm is 6.67×104 m−1.

B. Adapting the formalism for compositionally graded
ferroelectric thin films

In this section, we develop the process by which the
formalism for homogeneous films is adapted to address
compositionally graded versions of ferroelectric films and
include details of the selection of the constitutive coefficients
used to express the flexoelectric, gradient, and depolarization
energy terms.

Flexoelectric coefficient (f12). In general, the flexoelectric
coefficients of simple homogeneous insulating solids are
quite small, but large flexoelectric coefficients have been
reported in several ferroelectric materials [42,43]. In this
analysis, the range of flexoelectric coefficients to be considered
is obtained by transforming the flexoelectric polarization
coefficients (μ12) into flexoelectric strain coefficients (f12) [44]
and obtaining both the upper- and lower-bound values from
Refs. [42,43]. For simplicity and due to a lack of extensive
published data, f12 is assumed to be independent of the
composition in this case. This is justified since the f12 values of
BaTiO3 and Ba0.67Sr0.33TiO3 ceramics (at 25 ◦C) are reported
to be very similar (2.899×10−9 and 2.739×10−9 m3/C,
respectively [42,43]) and thus for simplicity the coefficients are
assumed to be constant across the composition range studied.
Additionally, the sign of f12 is taken as negative, although
both positive and negative flexoelectric coefficients have been
reported in the literature [42,43,45–47], and for comparison we
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TABLE I. Landau coefficients and thermodynamic properties of BaTiO3, SrTiO3, and Ba1−xSrxTiO3 (the temperature T in ◦C) [41].

BaTiO3 SrTiO3 Ba1−xSrxTiO3

a (nm) 0.4005 0.3905 −0.00995x + 0.40045
α1 (105 m2N/C2) 4.124(T − 115) 7.06(T + 237.5) 56.28(T + 352.5x − 115)/(−5.7x + 13.7)
α11 (108 m6N/C4) −2.097 17 19.1x − 2.097
α111 (109 m10N/C6) 1.294 −1.294x + 1.294
α1111 (1010 m14N/C8) 3.863 −3.863x + 3.863
Q12 (m4/C2) −0.034 −0.0135 0.0205x − 0.034
s11 (10−12 m2/N) 9.1 3.729 −5.371x + 9.1
s12 (10−12 m2/N) −3.2 −0.9088 2.291x − 3.2

consider values of f12 = −10−10, −10−9, and −3×10−9 m3/C
in this work.

Gradient energy coefficient (g33). In GLD formalisms
for homogeneous ferroelectric films, the order parameter is
generally assumed to be a constant throughout the material.
This assumption is valid at temperatures far away from TC ,
in reasonably thick films, or away from inhomogeneities in
the material; however, the fluctuation of the order parameter
can become large (i.e., gradient terms become significant)
as the temperature approaches TC , in ultrathin films when
surfaces/interfaces come close together, and near inhomo-
geneities such as domain walls. For a compositionally graded
ferroelectric, one might imagine that the magnitude of the
polarization (which is directly tied to the composition of
the material) could vary throughout the film. The gradient
energy term would then work to reduce this variation. For a
compositional gradient along the out-of-plane (z) direction,
the gradient energy expression reduces to g33(dP/dz)2. The
general physical estimation of the gradient coefficient gij is
gij ≈ δ2(TC /2ε0C), where δ is the short-range correlation
length that ranges from a few unit cells [35] to a few
nanometers [12], and the corresponding order of magnitude
of gij is calculated to be 10−12–10−8 m3V/C. Thus, in this
analysis we explore a range of gradient energy coefficients
including g33 = 10−10, 10−9, and 10−8 m3V/C (which are,
again, assumed to be independent of the composition).

Depolarization energy and effective permittivity (εd ). For
homogeneous ferroelectric films, the effects of the depolariza-
tion field (Ed ) are typically found only near the film/contact
interface [36,48] where incompletely compensated charge
results in an inhomogeneous polarization. In this study, the
depolarization field comes from the variation in polarization
of the compositionally graded ferroelectric films, and can
potentially exist across the entire film thickness. Early phe-
nomenological studies considered the depolarization field to
be proportional to either 1/ε0 [48] or 1/εrε0 [49–51] and both
approaches showed large quantitative differences from the
experimental data (e.g., the value of TC from the models can be
many times smaller than the values from measurements [52]).
In general, the physical justification for these approaches was
not provided. Later studies, however, suggested instead that the
depolarization field should be proportional to 1/εb (a so-called
background permittivity) since the order parameter is not only
attributed to the soft mode, but from other optical (so-called
hard) modes in the material [52–54], which can potentially
be much less than εr . Ultimately, what these approaches

suggested is that in order to achieve a more reasonable estimate
of the depolarization field one needed to account for additional
screening mechanisms in the material that could effectively
reduce the depolarization field to some extent. Using the
concept of background permittivity, subsequent theoretical
work has demonstrated better agreement with experimental
data, but the value of εb utilized has had to be varied in the
different calculations to achieve good fits [11,55–57]. Add
to this the fact that there are defects and charge carriers
that can partially screen and/or compensate the depolarization
field in real systems thereby potentially reducing the effect
of depolarization fields further [2]. Despite such a possibility
being noted, there has been no quantitative study that has
tried to address how to include such extrinsic effects into
the calculation of depolarization field. Here, we define an
effective permittivity parameter (εd ) which incorporates both
the background permittivity and other factors that could
partially compensate the depolarization field, and thus explore
a range of values for εd = 1, 5, 10, and 300 (which are again
assumed to be independent of composition).

C. Formalism for compositionally graded
ferroelectric thin films

Armed with the various terms we will use to adapt the
formalisms for homogeneous films, we now articulate the
formalism for compositionally graded thin films. Again,
we focus on (001)-oriented, compositionally graded, mon-
odomain epitaxial ferroelectrics created by smoothly varying
the composition between BaTiO3 and Ba0.6Sr0.4TiO3 on thick
substrates under short-circuit boundary conditions. We note
that the assumption of mondomain structure, even for a
150-nm-thick film like those considered herein, is justified
based on experimental studies that reveal the ability to produce
monodomain films like those modeled in this work [58]. The
formalism is generally applicable for all ferroelectrics, not just
the compositionally graded Ba1−xSrxTiO3, but the assumption
of monodomain structures is known to be true for this system
in thin-film form. The polarization is assumed to be a function
of z, i.e., P = P(z). Under the same electrical and mechanical
boundary conditions noted in Sec. II A, the total free energy
density, taking into account the flexoelectric, gradient, and
depolarization field energies, is expressed as

Ggrad =
∫

V

(Guni + Gf + Gg + GES)dV , (5)
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where Gf , Gg , and GES are the flexoelectric, gradient energy,
and the electrostatic energy, respectively, expressed as

Gf = f12

[
σ

∂P

∂z
− P

∂σ

∂z

]
, (6)

Gg = g33

(
∂P

∂z

)2

, (7)

GES = −EextP − 1

2
EdP, (8)

where the depolarizing energy Gd = − 1
2EdP is included in

GES . Ed under short-circuit boundary conditions is expressed
as

Ed = − 1

ε0εd

[
P − 1

h

∫ h

0
P dz

]
, (9)

in which εd again incorporates aspects of the background
permittivity and all other factors that influence the evolution of
the depolarization field and h is the thickness of the film (here
assumed to be 150 nm). From Eq. (9), it is straightforward to
see that as εd decreases, the magnitude of Ed increases (in other
words the less screening that occurs, the larger the effects of
the depolarization field). Substituting Eqs. (6)–(9) into Eq. (5),
the total free energy density can be expanded as [10,30]

Ggrad =
∫ h

0

{
G0 + α̃1P

2 + α̃11P
4 + α111P

6

+α1111P
8 + f12

[
σ

∂P

∂z
− P

∂σ

∂z

]

+ g33

(
∂P

∂z

)2

− 1

2
EdP − EextP

+ u2
m

s11 + s12

}
dz. (10)

Minimization of Eq. (10) yields the Euler-Lagrange rela-
tions as

∂Ggrad

∂P
− d

dz

(
∂Ggrad

∂(∂P/∂z)

)
= 0,

(11)
∂Ggrad

∂σ
− d

dz

(
∂Ggrad

∂(∂σ/∂z)

)
= 0.

From Eqs. (10) and (11), the equations of state for the
ferroelectric layer are written as

2α1P + 4α11P
3 + 6α111P

5 + 8α1111P
7

− 4Q12σP − 2f12
∂σ

∂z
− 2g33

∂2P

∂z2

+ 1

2ε0εd

(
P − 1

h

∫ h

0
P dz

)
− Eext = 0, (12)

where

σ = 1

s11 + s12

(
um − Q12P

2 + f12
∂P

∂z

)
. (13)

It is seen from Eq. (13) that the total stress is composed
of (1) the lattice mismatch between the film and the substrate,
(2) the self-strain from the paraelectric-to-ferroelectric phase

transition, and (3) the polarization gradient due to a converse
flexoelectric effect. Substituting Eq. (13) into (12), we obtain(

2f 2
12

s11 + s12
+ 2g33

)
∂2P

∂z2

= 2α̃1P + 4α̃11P
3 + 6α111P

5 + 8α1111P
7

− 4P
Q12f12

s11 + s12

∂P

∂z
− 2f12

s11 + s12

(
∂um

∂z
− Q12

∂P 2

∂z

)

+ 1

2ε0εd

(
P − 1

h

∫ h

0
P dz

)
− Eext. (14)

Again, it is assumed that the thermodynamic, elastic, and
electromechanical coefficients of the compositionally graded
Ba1−xSrxTiO3 films are a linear function of z determined from
a weighted average of the coefficients for BaTiO3 and SrTiO3

given in Sec. II A consistent with prior work [59].
The boundary conditions at the interfaces between the film

and the bottom or top electrodes are [11,55][
P + λ

dP

dz

]
z=0,h

= 0, (15)

where λ is the extrapolation length, which is taken as infinite
here. The equilibrium polarization P0 is determined by solving
Eq. (14) numerically. The average polarization is calculated by

〈P 〉 = 1

h

∫ h

0
P 0dz. (16)

The effective pyroelectric coefficient π along [001] under
Eext = 0 can be determined through the relation

π = ∂〈P 〉
∂T

, (17)

and the small-signal effective relative dielectric permittivity
(εr ) along [001] is expressed as

εr = 1

ε0

∂〈P 〉
∂Eext

, (18)

where a small Eext is assumed to be uniformly distributed
across the film.

III. RESULTS AND DISCUSSION

Using the methodology described in Sec. II, and taking
into account the flexoelectric, gradient, and depolarization
energies, we have carried out a numerical calculation to
analyze the evolution of polarization, dielectric permittivity,
and pyroelectric coefficient of four different heterostructures
based on Ba1−xSrxTiO3 (and assuming growth on a hy-
pothetical substrate with isotropic in-plane lattice parame-
ters of 0.3964 nm): (1) homogeneous, coherently strained
BaTiO3 (henceforth referred to as BaTiO3), (2) homogeneous,
coherently strained Ba0.6Sr0.4TiO3 (henceforth referred to
as Ba0.6Sr0.4TiO3), (3) compositionally graded, coherently
strained Ba1−xSrxTiO3 possessing a smooth chemical gradient
running from Ba0.6Sr0.4TiO3 to BaTiO3 from film-substrate
interface to film surface (henceforth referred to as graded), and
(4) compositionally graded, coherently strained Ba1−xSrxTiO3

films on a range of other substrates possessing a smooth
chemical gradient running from Ba0.6Sr0.4TiO3 to BaTiO3
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from film-substrate interface to film surface (henceforth
referred to as graded/substrate).

A. Probing spatial and temperature dependence of polarization
and individual energy contributions

The room-temperature (25 ◦C) spontaneous polarization
(PS) as a function of distance from substrate has been
calculated for BaTiO3, Ba0.6Sr0.4TiO3, and graded heterostruc-
tures (Fig. 1). At room temperature, the BaTiO3 is robustly
ferroelectric (as would be expected since the bulk TC ≈ 130 ◦C
and the Ba0.6Sr0.4TiO3 (which has a bulk TC ≈ −20 ◦C is not
ferroelectric even under the application of mild compressive
strains). For the BaTiO3 heterostructures, the PS ≈ 0.3 C/m2

at T = 25 ◦C (larger than that of bulk BaTiO3, PS ≈ 0.26 C/m2

at T = 25 ◦C) [37]. In a similar manner, we can calculate the
thickness dependence of PS within the graded heterostructures
initially assuming no additional energy terms (i.e., Gf = 0,
Gg = 0, Gd = 0) [Fig. 1(a)]. In this case, the film is in a
condition such that each discrete level along the z direction
is effectively isolated from the material above and below it
and the PS of each discrete level is equal to what is expected
in a uniform film of that composition grown on the substrate.
This represents one extreme case (albeit a simplified one) that
is accessible in the models; however, it does not represent a
realistic material.

From there, we can systematically introduce the three
additional energy terms of interest to gain insight into the
role of those energies in driving the evolution of polarization
and properties in a realistic film. First, upon introducing
flexoelectric energy [Fig. 1(b)], it is observed that the polar
state is stabilized throughout the thickness of the film and,

FIG. 1. (Color online) (a) Spontaneous polarization as a function
of position throughout the thickness for 150-nm-thick films of
BaTiO3 (green), Ba0.6Sr0.4TiO3 (blue), and compositionally graded
BaTiO3-Ba0.6Sr0.4TiO3 (orange) under conditions where there are
zero flexoelectric, gradient, and depolarization energies. Spontaneous
polarization as a function of position throughout the thickness for
a 150 nm compositionally graded BaTiO3-Ba0.6Sr0.4TiO3 film under
conditions where there is (b) nonzero flexoelectric energy, (c) nonzero
gradient energy, and (d) nonzero depolarization energy.

as the magnitude of the flexoelectric coefficient increases in
magnitude, the polarization is both enhanced and made more
uniform throughout the thickness. Upon activating the gradient
energy term [Fig. 1(c)], however, considerably less effect is
observed. Increasing the magnitude of the gradient energy term
also works to stabilize a polar state throughout the film thick-
ness, but the effect is much smaller than that observed for the
flexoelectric effect. Finally, upon activating the depolarization
energy [Fig. 1(d)], dramatic changes are observed. Consistent
with what would be expected, the depolarization energy works
to even out the polarization in the film and as the depolarization
gets larger (or the εd gets smaller) the polarization profile in the
film becomes progressively flatter while the average polariza-
tion remains the same. Overall, in a compositionally graded
heterostructure, the presence of any of the three additional
energy terms of interest tends to stabilize a polar, ferroelectric
state in compositions found to possess no PS in the absence
of those energies. Flexoelectric effects drive an increase in the
average PS across the entire film thickness, gradient effects
impact the PS values mainly in the phases with the lowest TC

(i.e., those with increased Sr content), and the depolarization
energy maintains the same 〈P 〉, while it works to even out the
polarization difference across the film. Recall that from Eq. (9),
if the polarization gradient is small (as a result of either a small
composition gradient or the presence of a large flexoelectric
or gradient energies), the Ed can likely be ignored [10].

From here we examine the evolution of PS with tem-
perature, again for the BaTiO3, Ba0.6Sr0.4TiO3, and graded
heterostructures (Fig. 2). For the BaTiO3 heterostructures, the
TC ≈ 400 ◦C (much larger than the bulk TC ≈ 130 ◦C) as a
result of the compressive strain from the substrate is consistent
with prior experimental work [37]. For the Ba0.6Sr0.4TiO3

heterostructures, consistent with the prior results, the material

FIG. 2. (Color online) (a) Average polarization as a function of
temperature for 150-nm-thick films of BaTiO3 (green), Ba0.6Sr0.4TiO3

(blue), and compositionally graded BaTiO3-Ba0.6Sr0.4TiO3 (orange)
under conditions where there are zero flexoelectric, gradient, and
depolarization energies. Average polarization as a function of tem-
perature for a 150 nm compositionally graded BaTiO3-Ba0.6Sr0.4TiO3

film under conditions where there is (b) nonzero flexoelectric energy,
(c) nonzero gradient energy, and (d) nonzero depolarization energy.
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is found to be paraelectric (PS = 0) at and above room
temperature even with the application of mild compressive
strains. For the graded heterostructures, again initially as-
suming no additional energy terms (i.e., Gf = 0, Gg = 0,
Gd = 0), the overall response is something in-between the
case of BaTiO3 and Ba0.6Sr0.4TiO3. The application of a
compressive strain from the substrate is found to have a
similar effect on the BaTiO3 and lightly Sr-alloyed portions
of the films whereby the strain stabilizes ferroelectricity
to 400 ◦C; however, compared to the homogeneous BaTiO3

heterostructure, the 〈P 〉 is systematically lower and undergoes
a very broad temperature-dependent change decreasing almost
linearly as a function of temperature. In order to differentiate
the transition temperature of the graded heterostructures
from the TC of homogeneous films, here we define a T* to rep-
resent the transition temperature where the 〈P 〉 becomes zero.

From there, we can again systematically introduce the
three additional energy terms of interest to gain insight into
the role of those energies in driving the evolution of 〈P 〉
with temperature in a realistic film. First, upon introducing
flexoelectric energy [Fig. 2(b)], we again observe that the
presence of a flexoelectric energy works to stabilize a polar,
ferroelectric state in the material and that as the flexoelectric
coefficient is increased in magnitude, the magnitude of the
polarization at all temperatures is seen to increase. In general,
the flexoelectric energy is found to operate on the system
in much the same way that an externally applied electric
field would; it smears out the phase transition and enhances
the stability of the polarization. Therefore, in activating a
flexoelectric effect, a built-in field, which can be estimated by
Ef lexo ≈ 2f12( ∂σ

∂z
), is produced in the material. The estimated

built-in fields for flexoelectric coefficients f12 = −10−10,
−10−9, and −3×10−9 m3/C are ∼30, 300, and 900 kV/cm,
respectively. The effect of these built-in fields is essentially
equivalent to applying an external electrical field of that same
magnitude to the sample and it drives the apparent stabilization
and decrease in temperature dependence of the polarization
observed here. In general, as the magnitude of f12 increases,
so does the observed T*, thus even at temperatures as high as
600 ◦C, there is a large remnant polarization as a result of the
flexoelectric energy term.

Upon activating the gradient energy term [Fig. 2(c)],
however, considerably less effect is observed. Again, we
consider g33 = 10−10–10−8 m3V/C and we observe that there
is a gradual decrease in T* and the magnitude of 〈P 〉 near
T* as the magnitude of the gradient energy term is increased.
Away from T* there is almost no change in the 〈P 〉 or its
temperature dependence. In fact, even extending this work to
explore larger g33 coefficients (we explored, but do not show,
values as large as 10−7 m3V/C) only changes the T* value by
approximately 50 ◦C and has little impact on the evolution of
polarization away from T*. Overall, consistent with the studies
of the spatial evolution of the polarization, the gradient energy
term is found to have minimal impact on the overall response
of the material.

Finally, upon activating the depolarization energy
[Fig. 2(d)], we again see more dramatic changes in the
temperature dependence of 〈P 〉. First, there is a slight
enhancement of the 〈P 〉 at room temperature from ∼0.2 C/m2

to ∼0.23 C/m2 just by activating this energy term in any form.

Second, T* is found to decrease as the depolarization energy
increases (or the value of εd gets smaller). Third, considering
that as the depolarization energy increases it has the tendency
to even out the polarization of the material, this manifests
as a sharpening of the temperature-dependent transition of
〈P 〉. Thus, the curves for systems with larger depolarization
energy effects (i.e., those with εd = 1 or 10) possess larger
values of polarization at low temperatures and smaller values
of polarization at higher temperatures near T* than those
systems with reduced depolarization energy effects (i.e., those
with εd = 300). Finally, and potentially most importantly for
experimental study of these materials, is that the magnitude
of the depolarization energy manifests itself as a large change
(here >65 ◦C) in the T* of the system. This provides a direct
opportunity for us to extract and better understand the nature of
depolarization energy in real systems by carefully measuring
the temperature dependence of the polarization.

At this point, it is important to summarize the results thus far
that have come from the analyses of the spatial and temperature
dependence of the polarization in compositionally graded
heterostructures as we systematically activate flexoelectric,
gradient, and depolarization energies. First, and most obvi-
ously, the larger the magnitude of the coefficient, the more
dramatic the effect and change in the properties. Although
self-evident, this is important since large error bars on the
magnitude of these effects are reported in the literature.
Thus, considering a range or working to better quantify these
effects is clearly needed to accurately predict the response of
such systems. Second, out of the three, the flexoelectric and
depolarization energy terms are, in general, found to make
considerably larger changes to the spatial and temperature
dependence of the polarization than is the gradient energy
term. Overall, the flexoelectric energy works to stabilize
polar, ferroelectric order, increases the magnitude of the
polarization, and gives rise to effects similar to what would
be observed under application of an external electric field.
Using values of the gradient energy term consistent with those
values reported in the literature has minimal effect on these
properties, with increasing magnitude resulting in slightly
enhanced polarization, but a reduction of the T* (as if it were
trying to homogenize the polar, ferroelectric state). Finally, the
depolarization energy term works to homogenize or even out
the polarization in the film (while maintaining the 〈P 〉) and
increasing the magnitude of this energy term results in what
can be large shifts of T* to lower temperature.

B. Probing the temperature dependence of polarization
under the influence of all energies

Armed with the information about how each of the
individual energy terms influences the evolution of the PS and
TC for homogeneous films and 〈P 〉 and T* for compositionally
graded films, we now consider the situation where all the
three energies are included in the study of compositionally
graded heterostructures. We begin by examining the relative
importance and overall effect of the combined energies on
the temperature dependence of the 〈P 〉 (Fig. 3). To aid the
discussion, we will show three variations in each of which
we will hold constant two of the energy terms and vary
the third. First, we probe the temperature dependence of
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FIG. 3. (Color online) Average polarization as a function of temperature for a 150-nm-thick compositionally graded BaTiO3-Ba0.6Sr0.4TiO3

film under the influence of all three energies of interest with varying (a) flexoelectric, (b) gradient, and (c) depolarization energies.

〈P 〉 fixing g33 = 10−10 m3V/C and εd = 5 and allowing the
magnitude of f12 to vary from −10−10 to −3×10−9 m3/C
[Fig. 3(a)]. The most illuminating comparison of these data
is to that in Fig. 2(b) where g33 = 0 and Ed = 0 (εd = ∞).
The changes in the temperature dependence are subtle but
important since both the gradient and (more importantly) the
depolarization energy terms work to effectively even out the
polarization in the film. The effects of this are not obvious if
the flexoelectric coefficient is large [as in this case of the
curves for f12 = −3 × 10−9 m3/C in Figs. 2(b) and 3(a)]
which are very similar as the flexoelectric energy is large
enough to completely overwhelm the other effects. At smaller
flexoelectric coefficient values, the added influence of the
gradient and depolarization energies are manifested in lower
temperature and sharper phase transitions. For instance, for
f12 = −10−10 m3/C, the inflection point (which is close to T*)
where the slope of 〈P 〉 with respect to T reaches a maximum is
observed to shift to lower temperatures by nearly 175 ◦C when
all three energy terms are present as compared to the case of
only activating the flexoelectric energy.

In the next case study, we probe the temperature dependence
of 〈P 〉 fixing εd = 5 and f12 = −10−10 m3/C and allowing g33

to vary from 10−10 to 10−8 m3V/C [Fig. 3(b)]. Again, the most
illuminating comparison of these data is to that in Fig. 2(c)
where Ed = 0 (εd = ∞) and f12 = 0. Again, even with the
three energies activated in the material, there is essentially
no difference between the observed temperature dependence
for the 〈P 〉 with varying gradient energy. It should be noted,
however, that the shape of the temperature dependence and
the effective T* values do change when the flexoelectric and
depolarization energies are turned on. For the combination
of flexoelectric and depolarization energy values used here,
the temperature-dependent phase transition is found to be
sharper in nature and the T* values are reduced. Overall, the
results simply show that within the range of consideration, the
change of the magnitude of gradient energy has little effect
on the temperature dependence of the 〈P 〉 for the graded
heterostructures.

Finally, we probe the temperature dependence of 〈P 〉 fixing
f12 = −10−10 m3/C and g33 = 10−10 m3V/C and allowing
εd to vary from 1 to 300 [Fig. 3(c)]. The most illuminating
comparison of these data is to that in Fig. 2(d) where f12 = 0 and
g33 = 0. Although the overall trends in the variation of T* are
similar with varying εd , the sharpness of the phase transition is
found to be reduced when all three energies are present. This
likely arises from the fact that the flexoelectric energy terms

work counter to the depolarization energy, thereby effectively
smearing out the polarization profile.

C. Probing the temperature dependence of dielectric and
pyroelectric response under the influence of all energies

Having probed the temperature-dependent evolution of
the polarization, it is thus useful to explore the effect of
compositional gradients and the presence of flexoelectric,
gradient, and depolarization energies on the electric-field
and thermal susceptibility of the materials. We begin by
examining the effective small-field dielectric permittivity (εr )
[Figs. 4(a)–4(c)]. As is the case in homogeneous ferroelectric
films, the permittivity is expected to peak near the phase tran-
sition when the material becomes highly susceptible to pertur-
bations with electric field. Thus, recalling the temperature de-
pendence of the 〈P 〉 (Fig. 3), we expect the permittivity to peak
and be a maximum at or near the inflection point observed in
the 〈P 〉 profile. Following the procedure above, we first probe
the temperature dependence of εr fixing g33 = 10−10 m3V/C
and εd = 5 and allowing the magnitude of f12 to vary from
−10−10 to −3×10−9 m3/C [Fig. 4(a)]. For comparison, we
also provide the response for the BaTiO3 heterostructure.
Thus, following from the temperature dependence of the 〈P 〉,
the permittivity is found to peak at a range of temperatures
depending on the magnitude of the flexoelectric coefficient; the
larger the flexoelectric coefficient, the higher the temperature
of the peak in the permittivity. It is also observed that
there is a broadening of the peak in the permittivity and a
reduction in the maximum value of permittivity expected as
the flexoelectric coefficient gets larger. In general, the presence
of the three energies results in a reduction in the magnitude
of the response that is predicted to occur as compared to that
for a homogeneous BaTiO3 heterostructure (black curve). The
mechanism behind this progressive reduction in the maximum
value can be found by investigating the permittivity at different
z positions inside the compositionally graded heterostructure.
Ultimately, the maximum electric-field-dependent response
varies with composition in the film and each portion of the film
reaches its maximum at a slightly different temperature which
manifests itself as a broadened εr peak. As the magnitude of the
flexoelectric coefficient is increased, this broadening worsens
and the response might be considered to be more akin to that in
a relaxor ferroelectric as opposed to a traditional ferroelectric
and could provide a pathway by which to achieve large, nearly
temperature-independent permittivity in materials.
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FIG. 4. (Color online) Dielectric permittivity as a function of temperature for a 150 nm compositionally graded BaTiO3-Ba0.6Sr0.4TiO3

film under the influence of all three energies of interest with varying (a) flexoelectric, (b) gradient, and (c) depolarization energies. Effective
pyroelectric coefficient as a function of temperature for a 150 nm compositionally graded BaTiO3-Ba0.6Sr0.4TiO3 film under the influence of all
three energies of interest with varying (d) flexoelectric, (e) gradient, and (f) depolarization energies. Black data in graphs show a comparison
with a coherently strained, homogeneous film of BaTiO3.

In the next case study, we probe the temperature dependence
of εr fixing εd = 5 and f12 = −10−10 m3/C and allowing g33

to vary from 10−10 to 10−8 m3V/C [Fig. 4(b)]. As is expected
at this point, negligible change in the temperature dependence
of εr is observed across the range of values studied herein. In
general, for the set of energies probed here, there is a reduction
in the temperature at which the permittivity is found to peak
and in the magnitude of the expected permittivity value. The
explanation for such behavior was described in the discussion
of the temperature dependence of the 〈P 〉 above. Again, the
gradient energy is observed to be less important or impactful
than the flexoelectric and depolarization energies at impacting
the properties of materials.

Finally, we probe the temperature dependence of εr fixing
f12 = −10−10 m3/C and g33 = 10−10 m3V/C and allowing
εd to vary from 1 to 300 [Fig. 4(c)]. Following from the
temperature dependence of the 〈P 〉, the permittivity is found to
peak at a range of temperatures depending on the magnitude of
the depolarization energy term; the larger the depolarization
energy (i.e., the smaller εd ), the higher the temperature of
the peak in the permittivity. In general, both the width and
maximum value of the peak in permittivity are only weakly
dependent on the depolarization energy and are essentially
constant for values of εd < 100, but are seen to increase
in width and decrease in magnitude with εd > 100. As
the magnitude of the depolarization energy increases (i.e.,
εd gets smaller), the temperature at which the permittivity
peaks also decreases. As has been seen in the other cases,
the presence of the three energies results in a reduction in
the magnitude of the response that is predicted to occur as
compared to that for a homogeneous BaTiO3 heterostructure
(black curve).

From here, we have also gone on to calculate the effec-
tive pyroelectric coefficient (π ), calculated at zero applied
field, for the graded heterostructures [Figs. 4(d)–4(f)]. For a
homogeneous ferroelectric film, π will peak at temperatures
close to TC where the ionic displacement/dipole moments
of the ferroelectric become less stable, and a small change
in temperature causes a large fluctuation in PS . For the
compositionally graded ferroelectric films, large π will cor-
respondingly occur when there is a large change in the 〈P 〉
with respect to temperature [Eq. (17)]. Thus, following the
logic from above and recalling the temperature dependence
of the 〈P 〉 (Fig. 3), we expect π to peak and be a maximum
at or near the inflection point observed in the 〈P 〉 profile.
Again, following the procedure above, we first probe the
temperature dependence of π fixing g33 = 10−10 m3V/C
and εd = 5 and allowing the magnitude of f12 to vary from
−10−10 to −3×10−9 m3/C [Fig. 4(d)]. Again, for comparison
we also provide the response for the BaTiO3 heterostructure.
As expected, we observe π to exhibit a maximum value at
the observed T* values and as the flexoelectric coefficient
gets larger, the temperature at which this occurs increases
(with the maximum occurring at temperatures of ∼185 ◦C,
∼290 ◦C, and ∼500 ◦C for f12 values of −10−10, −10−9, and
−3×10−9 m3/C, respectively). Likewise, as the flexoelectric
coefficient increases in magnitude, a gradual broadening
of the phase transition is observed and this results in a
systematic reduction in the maximum expected pyroelectric
coefficient in the system. Again, this is a potentially important
observation. As is the case with permittivity, achieving
large, nearly temperature-independent pyroelectric response
in materials could have considerable impact on a range of
applications.
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FIG. 5. (Color online) (a) Average polarization, (b) dielectric permittivity, and (c) effective pyroelectric coefficient as a function of epitaxial
lattice mismatch for a 150 nm compositionally graded BaTiO3-Ba0.6Sr0.4TiO3 film where f12 = −10−10 m3/C, g33 = 10−10 m3V/C, and εd

is allowed to vary from 1 to 300. A number of commercially available substrates spanning the range of lattice mismatches studied here are
provided for context.

In the next case study, we probe the temperature dependence
of π fixing εd = 5 and f12 = −10−10 m3/C and allowing g33 to
vary from 10−10 to 10−8 m3V/C [Fig. 4(e)]. Consistent with
prior observations, it is seen that changing the magnitude of the
gradient energy has little effect on the temperature dependence
of π . Again, the results can be simply understood by revisiting
the temperature dependence of the 〈P 〉 [Fig. 3(b)].

Finally, we probe the temperature dependence of π fixing
f12 = −10−10 m3/C and g33 = 10−10 m3V/C and allowing
εd to vary from 1 to 300 [Fig. 4(f)]. Again, for comparison,
we also provide the response for the BaTiO3 heterostructure.
Consistent with the prior data, the presence of all three
energies broadens the temperature dependence and reduces
the expected maximum value of π expected for this system.
Following from the temperature dependence of the 〈P 〉
[Fig. 3(c)], the π is found to peak at a range of temperatures
depending on the magnitude of the depolarization energy term;
the larger the depolarization energy (i.e., the smaller εd ), the
lower the temperature of the peak in π . In general, both the
width and maximum value of the peak in π are only weakly
dependent on the depolarization energy and are essentially
constant for values of εd < 100, but is seen to increase in
width and decrease in magnitude with εd > 100.

All told, this study provides important insights into the
design of materials to optimize or maximize performance for
a given application. It also provides a potential pathway by
which it may better quantify our knowledge of flexoelectric
coefficients and depolarization energies in materials by fitting
experimental data to such curves. Finally, it shows that using
compositionally graded thin films, it might be possible to
produce materials with large dielectric and/or pyroelectric
coefficients which are weakly temperature dependent across
large-temperature ranges; this has important implications for
a range of applications.

D. Strain dependence of polarization, permittivity, and
pyroelectric coefficient under the influence of all energies

Finally, we extend our calculation to consider a wider range
of strains and substrates. Thus far, we have examined the
effects of flexoelectric, gradient, and depolarization energies
on the evolution of polarization, permittivity, and pyroelectric
coefficient. To do this, we assumed growth on a hypothetical,

isotropic substrate with a similar lattice parameter to GdScO3,
but now open up epitaxial strain as an additional variable for
study. Here, we will consider strains ranging from −3.5%
(compressive) to 2% (tensile) (again assuming a coherently
strained film and isotropic in-plane strain) corresponding to the
growth on a range of commercially available substrates. To aid
the reader, we have labeled six common perovskite-structure
substrates as a reference. For brevity, here we show the results
of models where f12 = −10−10 m3/C and g33 = 10−10 m3V/C
and εd is allowed to vary from 1 to 300. The 〈P 〉 reveals a
smoothly varying profile, ranging from large values to zero
as one transitions from large compressive to large tensile
strains [Fig. 5(a)]. There is a rather sharp decrease in the
〈P 〉 in the range −1% to 0% strain, indicative of potential
for large susceptibilities in this region. Subsequent calculation
of εr [Fig. 5(b)] reveals large response in this corresponding
strain regime. As the magnitude of the depolarization energy
is decreased (i.e., εd is increased), the peak in εr is found to
shift progressively from small compressive strains to nearly
zero strain. A similar trend is observed in π [Fig. 5(c)]. This
is exciting as thicker films that are coherently strained can be
achieved when the lattice mismatch is minimized, thus it might
be possible to make high-quality, thick films of coherently
strained, compositionally graded Ba1−xSrxTiO3 that possess
very large dielectric and/or pyroelectric properties.

IV. CONCLUSIONS

In conclusion, we have provided a nonlinear thermody-
namic formalism to describe the total free energy density
of (001)-oriented, compositionally graded, and monodomain
ferroelectric films based on Landau-Ginzburg-Devonshire
theory by taking into account flexoelectric, gradient, and
depolarization energies. In particular, we have carried out
numerical calculations to analyze the effects of each of the
three energy components on the evolution of spontaneous po-
larization, dielectric permittivity, and pyroelectric coefficient
as a function of position, temperature, and epitaxial strain
state. In general, the presence of the three energies tends
to stabilize the polar state in the graded films. Flexoelectric
energy results in large built-in fields which diminish the
temperature dependence of the polarization, permittivity, and

224101-9



ZHANG, XU, DAMODARAN, CHEN, AND MARTIN PHYSICAL REVIEW B 89, 224101 (2014)

pyroelectric properties. Gradient energy terms are found
to be, compared to both flexoelectric and depolarization
energy terms, relatively less important and impactful on the
evolution of polarization and properties when considered with
reasonable values of the gradient energy coefficient. The
depolarization energy, however, is found to play a strong role
in the evolution of the polarization and properties. By taking
into account the background permittivity and partial screening
of the depolarization field, we find that both the position and
temperature dependence of the polarization and properties can
vary dramatically with changes in depolarization energy which
generally attempts to even out the polarization in a graded film.
When accounting for all three energies, our studies reveal
that the maximum permittivity and pyroelectric coefficients
occur under small compressive lattice mismatches, which
is exciting since these should be readily achievable in real
thin films. Overall, this study provides a generic phenomeno-
logical formalism for monodomain, compositionally graded
ferroelectric films, offers a more accurate estimation for the
nature of response in these materials, and provides practical
guidance for how to experimentally address and measure
the nature of the various coefficients required to accurately

model these materials. Ultimately, compositionally graded thin
films represent a stirring new horizon in epitaxial thin-film
science and can offer up novel physical phenomena and large
susceptibilities that are practically useful if we can better
understand and predict how to deterministically control and
engineer the gradient structure.
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